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Abstract  
The aim of this study is to investigate and discuss this knowledge restricting it to the angle concept that is multifaceted and 
complicated concept in geometry. The data of this research was conducted by an examination which aims to determine the 
teachers’ (15 teachers, expert/novice) will to be accepted to a foundation school at the semester of 2007-2008 in Turkey. One of 
the questions in the exam was pertaining to “angle” concept. With the findings, it was noticed that the teachers defined angle 
such as the union of two rays, a region; and measurement of angle such as arc measurement, positive directional degree. Besides, 
in view of the representations the teachers used, it’s concluded that the teachers don’t have sufficient knowledge about “angle” 
concept and the measure of an angle.  
© 2009 Elsevier Ltd. 
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1. Introduction 
When we analyze the education policies of the countries we can conclude that all over the world, the teachers are 
responsible to prepare learners to be independent, cultured, and well equipped individuals for the future; 
consequently teachers can be seen as mediators of learning. In this paper we will focus on the teachers in the 
classroom context, one of which they are obligated to be able to:  subject matter knowledge.  
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1.1. Subject matter knowledge 
There are many studies which investigate the teacher’s knowledge about subject matter and teaching skills 
(Kahan et al, 2003; Tsamir, 2005; Peng, 2007; Kennedy,1998). In the classroom the teachers’ knowledge includes 
the knowledge of the content of mathematics, of pedagogy, of students’ cognitions and of their own beliefs 
(Fennema& Franke, 1992). Teacher’s knowledge of the nature of mathematics predicates his/her view of how 
teaching should take place in the classroom (Hersh, 1986).  Researches denote that philosophical arguments assist 
the aspect that teachers' own subject matter knowledge influences their efforts to help students learn subject matter 
(Thompson,1984);  more clearly, if the teachers are not enough capable and/or their teaching is invariable then they 
can do much harm (Conant, 1963).  The teachers might convey their limited ideas to students if they have limited 
information about the subject. They may not handle their students’ misconceptions let alone identify them; they may 
not criticize texts or modify them appropriately. In this field, Shulman (1986) maintained that “teachers must not 
only be capable of defining for students the accepted truths in a domain. They must also be able to explain why a 
particular proposition is deemed warranted, why it is worth knowing and how it relates to other propositions” (p. 9). 
This sense corresponds with content knowledge. Shulman (1987) explained in invention of the knowledge base for 
teaching: subject matter knowledge (SMK), general pedagogical knowledge and pedagogical content knowledge 
(PCK), which he defines as a “special amalgam of content and pedagogy that is uniquely the province of teachers, 
their own special form of professional understanding” (p. 8).
Specifically in mathematics education community, having a good mathematical knowledge which includes deep 
understanding topics as a teaching subject is expected from the mathematics teachers (e.g., Australian Education 
Council, 1991; NCTM, 2000). It is important in what ways teacher understands the subject matter since it’s effects 
teachers’ capacity to pose questions, select tasks, evaluate students’ understanding, and make curricular choices 
(Grossman et al, 1989); briefly, when teaching topics that are part of the curriculum, teachers are expected to be 
experts in the area they teach (Even&Tirosh, 1995). For these reasons we made our focus on teachers’ the subject 
matter knowledge of a mathematical concept-- ‘‘angle’’. 
1.2. Angle concept 
In mathematics, the reasons for complicating about specific concepts depend on their using in different contexts. 
Angle is one of these multifaceted concepts that have been defined differently over the time. Defining angle could 
occur in many different meanings, but the main problem is none of the definitions emphasize the entire aspects of 
the angle concept, so they have some limitations on the concept. For instance, some definitions focus more on the 
rays, whereas others are defined in terms of the rotation about a point (Keiser, 2004).  
If one looks closely in the definitions of angle in the literacy, there can be seen three kinds: an amount of turning 
about a point between two lines; a pair of rays with a common end-point; and the region formed by the intersection 
of two half-planes (Mitchelmore & White, 2000). Other alternative classifications are taking into account physical 
properties of angle especially difference between dynamic (involving movement) and static (configurational) aspects 
of the concept. There is no doubt that the angle concept is one of the core concepts of geometry. However, it can be 
easily seen that students have several difficulties about the angle concept when we investigate the researches 
pertaining to it (Mitchelmore & White, 2000; Keiser, 2004). 
Like angle concept there is much evidence that its measurement is difficult concept, too. In the area many 
researches investigate students’ thinking about the angle’s measurement: depends on the length of the arms; is the 
radius of the arc marking the angle; is one arm must be horizontal and the direction always counterclockwise 
(Mitchelmore & White, 2000). It is written in the Wikipedia about the angle concept that: 
“ The magnitude of the angle is the "amount of rotation" that separates the two rays, and can be measured by 
considering the length of circular arc swept out when one ray is rotated about the vertex to coincide with the other.  
In order to measure an angle ș, a circular arc centered at the vertex of the angle is drawn, e.g. with a pair of 
compasses. The length of the arc s is then divided by the radius of the circle r, and possibly multiplied by a scaling 
constant k (which depends on the units of measurement that are chosen): 
)(k
r
s
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The value of ș thus defined is independent of the size of the circle: if the length of the radius is changed then the arc length 
changes in the same proportion, so the ratio s/r is unaltered” (www.wikipedia.org)
Therefore we can say that the measure of an angle is related to the arc length of a circle; that is radian (Akkoç, 
2008). 
As we stated just before, subject matter knowledge is very important qualification for being a good teacher 
(Farah-Sirkis, 1999); therefore our purpose for the present study is to investigate this knowledge with the angle 
concept that is multifaceted and complicated concept in the geometry.   
2. Methodology  
The data of this research, conducted by an examination which aims to determine the teachers’ will to be accepted 
to a foundation school at the semester of 2007-2008 in Turkey. 15 teachers who work at the Ministry of Education 
and at different private courses and newly-graduates took this written exam. This exam included 8 questions and it 
was prepared by two staffs in Mathematics Education Department. These questions were planned in three groups: 
subject matter knowledge, pedagogical knowledge and pedagogical content knowledge. “What is angle and which 
feature of angle is measured? Please Can you write your idea about how to teach this concept” is one of the 
questions -including subject matter knowledge -that are being asked to the participants. The participants were given 
nick names during the data analysis. Teachers’ responses were examined according to purpose of the research. The 
data taken from the research were separated into meaningful units and according to these units, the data, were coded 
and categorized; after that the categories were analyzed and interpreted (Patton 2002). Coding was performed 
according to the results reached behind this the literacy about teachers’ knowledge and angle concept take into 
consideration for coding (Strauss&Corbin, 1990). In other words, it can be said that “document analysis” is used for 
the analysis of the data (Patton 2002). Document analysis contributes analyzing every kind of representations which 
used by participants when answering to the questions.  
Besides, the data reached were coded and categorized by another research assistant who is also a Doctoral 
Student at the department of Mathematics Education, to provide the validity and reliability of this research. The 
categories constructed were compared to the categories constructed by the researchers and a similarity above 70 % 
was noticed. A researcher, who has general information on research topic and specialized on qualitative research 
methods, was asked to examine the study in order to provide research validity. Expert analysis contributed to the 
feedback with another point of view and to the research design, data gathering, analysis, reaching findings and 
comment phases to be valid and consistent (Patton,2002; Yıldırım &ùimúek, 2006). 
3. Findings  
“What is angle and which feature of angle is measured? Please Can you write your idea about how to teach this 
concept” is one of the questions that are asked to the participants and their responses were examined towards the 
purpose of the research. Teachers’ responses about the definition of angle concept categorized as below: 
• Union of two rays with a common end-point 
• The region which is between directional two line segments  
• The size between a line segment and a ground plane 
Most of teachers described angle as “a union of two rays with a common end-point” as stated in Mitchelmore 
and White (2000). Figure 1 is including one of drawing made by a participant: 
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Figure 1
There is only 2 teachers described angle as “the region which is between directional two line segments” But if 
we look at drawing which given below, it can be seen that teacher didn’t shade the whole of the region between 
directional two line segments; did shade just around the end-point, O (Figure 2).  
Figure 2
The other teacher’s definition of angle is “the size between a line segment and a ground plane”. The teacher 
describes angle as a size and gives real life situations about this definition. Following is the description of angle 
which is pertaining to this teacher:  
“When I am explaining angle to my students, I firstly associate it with real life. For instance, I give examples on the 
Sun’s locations over the world. I enable students to visualize angle by telling them that seasons occur as a result of 
changing [angle] between the rotation of the Earth and the location of the Sun, later on I draw types of angle by 
geometric ruler and divider on board.” 
When we consider the teachers’ responses, we saw that teachers didn’t associate angle with rotation. We 
conclude that teachers’ images about angle concept are not sufficient and as we looked deeply at their definitions we 
have seen that there are some holes in their angle concept knowledge. 
The second part of the question was considering teachers’ content knowledge about “the measurement of angle”. 
When we analyze the responses given the part of this question we obtain the following categories:   
• The distance between two rays  
•  Measurement is related to arc circle 
• Positive directional degree between two rays  
Most of the teachers describe angle measure as a distance between two rays. One of the teachers’ definition and 
drawing of an angle (Figure 3) is given below: 
“If the distance between rays increases, so does the measurement of the angle. This should of course be taken as 
positive direction (anti clockwise). When explaining this to the elementary school students [this could be] a ladder, 
neared against wall. The ladder and the ground (floor) constitute a certain angle. A to-day example can be used to 
demonstrate students that, when we close the ladder to the ground, the angle narrows between the ground and the 
ladder; the angle increases when we move away the ladder, even a 90º angle occurs when we near [the ladder] 
against the wall.” 
  
Figure 3
 When one reads the explanation of this teacher and especially looks into Figure 4, one can see the teacher draws 
a line segment which is perpendicular to AC and AB rays at same time. This drawing is not appropriate in the 
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context of Euclidian geometry since we know that sum of a triangle can not be over 180 degrees. Also we know that 
if we draw a line segment which is perpendicular to two lines, the line must parallel to each other on the plane. 
Among the participants only 2 teachers tries to describe measurement of an angle as the arc measurement. One of 
these participants, drawing is in Figure 4, says: 
“Between the sides of an angle and  arc of circle that have the end-point as a center reached to the measurement 
[…] As you see if we cut a sector like S1<S2<S3, we realize an increase in area and radius. But there is something 
which doesn’t change. And that is the route we follow as AOB, the measurement of this route gives us the angle 
measurement which we described as sector.” 
Figure 4
Firstly we can say that this participant relates angle measurement with an arc of circle, but it does not contain the 
same idea that the proportion of arc of circle and radius of this circle (Akkoç, 2008). The other teachers characterize 
angle measurement as a positive directional degree between two rays. But they didn’t clarify what they mean with 
being “positive directional”. We can only say that from their drawings, they may intend counterclockwise with 
“positive direction”.
4. Conclusion  
Farah-Sirkis (1999) stated that both experienced and novice teachers (80% of total) view subject matter 
knowledge is essential as qualification for being a “good” mathematics teacher. If being a good mathematics teacher 
requires constructing the concepts in students’ minds, we should have “good” content knowledge as teachers. In this 
sense for our study we seek teachers’ content knowledge of angle concept. We conclude that the teachers who took 
an examination have quite inappropriate, incomplete content knowledge for angle in mathematics content with 
holes. A geometer views angle different from a topologist (Keiser, 2004), we mean that angle concept can have 
different emphasis in different contexts. For this reason to teach such a multifaceted concept, a teacher in the 
classroom should be able to give different representations for the pupils. But we saw in our study that the teachers’ 
background, that is content knowledge, is very weak and narrow about the concept.   
At this point teacher educations get on the stage again! We think that reason for teachers having weak and 
narrow content knowledge come firstly from their training in the schools (primary, middle and secondary); secondly 
they cannot bridge the gap between what they learn in the undergraduate curriculum and what they teach students in 
schools (Wu, 1999). In educational faculties as trainers we think that our duty is to help teachers understand the 
essential characteristics, logical reasoning and coherence of mathematics. 
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